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E-Graphs are an efficient encoding for discovering and maintaining sets of equalities, commonly adopted in
the context of formal proofs, program analysis, and optimization. In several scenarios, equalities may hold
only conditionally, i.e., under certain assumptions. For example, in automated provers the proof is often split
into multiple branches, such that each branch considers a different set of equalities. A limitation of traditional
e-graphs is that they can only encode a single set of equalities at a time. Conditional equalities are then handled
by maintaining multiple e-graphs, e.g., one for each branch in the proof, which is inefficient as equalities
shared among branches are simply replicated many times.

In this paper, we introduce versioned e-graphs, which efficiently encode multiple equivalence sets at the
same time, maximizing shared information among them. We formalize for versioned e-graphs and prove their
correctness. We evaluate our solution against widely-adopted solutions which maintain multiple e-graphs and
show that versioned e-graphs are up to 5-30 % more memory efficient and up to 4X faster depending on the
case study, especially when solution spaces are large both in explored program terms and number of branches.
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1 Introduction

E-graphs [16] are a core data structure in automated reasoning. They allow efficient maintenance
and querying of equivalences among terms based on a set of equivalence rules. Specifically, if two
terms are equivalent under these rules, applying the same operation to both will produce new
terms that are also equivalent, thanks to congruence. E-graphs have been applied across various
fields, including program optimization [24] and synthesis [4] and decision procedures [2, 9].
They play a crucial role for equality saturation [17, 24], which systematically rewrites program
terms to explore equivalent forms. By organizing terms into a compact representation, e-graphs
enable efficient exploration of a large solution space while preventing redundant computations.
Traditionally, e-graphs encode a single global equality relation, which limits their effectiveness in
branching contexts such as symbolic execution or proof by case analysis. For example, in automated
theorem proving, proofs are often organized across cases, such that each proof branch evolves into
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a different set of valid equalities starting from a common base set. These contextual equalities are
then handled by maintaining multiple e-graphs, e.g., one for each branch in the proof.

State-of-the-art theorem provers [14, 20] clone the entire e-graph for each proof goal before
proceeding with the sub-proofs. Hence, equalities that hold unconditionally (e.g., those that are valid
in all branches of the proof) are replicated many times, leading to excessive memory consumption
and poor run time performance due to cloning. For this reason, recent research explored support for
branching in e-graphs that leverages sharing of common elements to improve memory efficiency [8,
21]. Yet, to the best of our knowledge, no existing approach achieves full sharing, i.e., storing every
term at most once in the graph across all contexts, and no existing approach provides a formal
model to reason about the data structure and its correctness.

In this paper, we introduce versioned e-graphs, a data structure that encodes a hierarchy of
equivalence relations on top of a shared term space. The hierarchy is encoded as a version tree
that reflects on the underlying program code or the corresponding proof structure, where every
version corresponds to a branch and the equivalence relation of each version is an extension to
the equivalence relation of its parent version. Overall, this design improves efficiency by avoiding
redundancy in encoding shared equalities across versions and improves performance compared to
the state of the art [21] while, in contrast to the existing implementation, fully supporting e-class
analysis [27], a technique to attach analysis data (that forms a semilattice) to each e-class.

We prove our approach to versioned e-graphs correct and realize it in the Veg implementation. We
compare the performance of our implementation with traditional and state-of-the-art approaches.
We conduct a parameter analysis on the impact of the number of versions and terms on memory
and run time performance. We implement an EUF solver [13], which uses versioned e-graphs to
reason about unquantified boolean propositions over equalities between uninterpreted functions.
We modify the automated theorem prover TheSy [20] to compare directly against the state-of-the-
art Easter Egg [21] approach. Our evaluation shows that versioned e-graphs generally improve
performance in terms of memory (up to 5-30 %) and run time (up to 4Xx).

In summary, this paper makes the following contributions.

e We introduce versioned union-finds, an optimized data structure to encode multiple equiva-
lence relations (Section 3).

e We analyze the amortized time and space complexity of the versioned union-find and demon-
strate that it outperforms the cloning approach. (Section 4).

e We build versioned e-graphs with full sharing across versions on top of versioned union-finds,
extending their equivalence relations with congruence (Section 5).

e We provide a formalization of versioned union-finds and versioned e-graphs and prove them
correct (Section 6).

e We implement these ideas both in an optimized standalone Rust library Veg, largely inspired
by the popular egg library (Section 7).

e We generalize persistent union-finds [7] to persistent e-graphs by using standard persistent
data structures (Section 7), making cloning memory efficient through structural sharing.

e We evaluate the performance of versioned e-graphs and persistent e-graphs against cloning
and the state of the art, showing that they scale better in memory and time (Section 8.1),
improve memory and run time performance in verification use cases (Section 8.2), and support
common e-graph extensions without a performance penalty (Section 8.3).

2 Background

In this section, we describe the union-find data structure [10, 11, 23] (Section 2.1) to encode
equivalence relations. Based on that, we introduce e-graphs [16] (Section 2.2).
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Running Example. We will use the dist_diffs Listing 1. Running Example.

function (Listing 1) as a running example, which 1 fun dist_diffs(f, dx, dy) =
. . 3 — C
computes the distance of the differences dx and * 1ff‘(’s N dylthe"
. . . . X) <<
dy, given a distance metric f. For example, fis , e1ce
the Euclidean distance if it computes the square s da = f(dx)
of its argument (e.g., used for the “sum of squares” j :tf) q afijy(’,b -
loss function) or the Manhattan distance if it com- s da << 1
: « 9 else

putes their absolute value (e.g., used for the “sum . e

of absolute differences” loss function). The code
performs an optimized addition of f(dx) to f(dy).If dx==dy or f(dx) == f(dy), the code doubles
f(dx) through a bit shift. Otherwise, it adds f(dx) to f(dy).

A property which we may want to prove is commutativity of the dx and dy arguments, i.e.,
dist_diffs(f, dx, dy)=dist_diffs(f, dy, dx). The proof proceeds by case analysis over the pro-
gram’s branches (Lines 3, 8 and 10), showing the property holds in each. Branch-specific assumptions
arise from if conditions and accumulate across nested lexical scopes, where each (nested) scope is
represented as a (sub)version in the versioned e-graph. The green boxes in the figure visualize the
nested lexical scopes that correspond to the tree structure of the versions in the proof (right side).

2.1 Union-Find

A union-find [10, 11, 23] efficiently represents equivalence classes as trees, the roots being the
representatives of the classes. Edges denote that (symmetric and transitive) equivalence of elements.
Initially, each element is in its own class (reflexively). The union operation merges two classes and
find returns the representative of an element. With the path compression optimization, each find
updates the queried element to point to the representative, reducing the cost of future find calls.

Running Example. Figure 1 shows the union-find for the running example (Listing 1) in the
branch where dx ==dy does not hold but da==db does. In subfigure A, f(dx) is unioned with da
because of the binding da=f(dx) in the code. Similarly, f(dy) is unioned with db and db with
da, making dx, dy and da the representatives of the equivalence classes. In B, path compression
shortens the path from f(dy), making every element point directly to its equivalence class.

2.2 From Union-Find to E-Graph

Beyond the equivalences encoded in a union-find, e-graphs (equivalence graphs) [16] ensure
that function applications stay congruent when adding equivalences — the congruence invariance
property, e.g., if x = y, then f(x) = f(y). Their graph structure consists of e-nodes (program terms
expressed as function applications) grouped into e-classes (sets of equivalent terms).

An e-graph’s find retrieves the equivalence class of a term, and union merges two classes.
Operationally, unioning an e-class a with f moves o’s e-nodes into f, replaces all occurrences of «
with f in e-node arguments, and recursively unions all e-classes containing the same e-node.

E-graphs are commonly built on top of a union-find in two ways: Either (1) e-nodes are the
union-find elements and e-classes are the union-find equivalence classes or (2) the e-graph uses a
hash-cons to map each e-node to its original e-class and the union-find maintains an equivalence
relation over e-classes instead of e-nodes. After unioning, congruence invariance is recovered
through a rebuilding process, for which a common approach is e-node canonicalization, which
replaces every argument of an e-node with its representative.

Running Example. Figure 2 shows the e-graph for the running example (Listing 1) in the branch
where dx == dy holds. Solid arrows denote membership of e-nodes in e-classes — transitively pointing
to the canonical — and dashed edges denote the arguments to e-node function application. In
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A. After a find, B. Then, A. After a union, dx is B. During rebuilding,
the equivalence class of f(dy) path compression simplifies inserted in the e-class of dy. f(dx) is unioned with its
is discovered to be da. future searches. Congruence is broken for f. canonicalization f(dy).
Fig. 1. Union-Find Example. Fig. 2. E-Graph Example.

subfigure A, dx is unioned with dy due to the branch condition, breaking congruence of the
function f. In B, rebuilding restores congruence by unioning f(dx) with its canonicalization f(dy).

3 Versioned Union-Find

Despite their generality, union-finds (and e-graphs) are limited by their inherent single-version
model - they maintain one global equivalence relation. This is a poor fit for verification tasks
involving branching logic, where each proof branch is based on a shared set of equivalent terms
but evolves independently, aggregating potentially different terms to be equivalent in each branch
while still retaining many shared elements. In these cases, maintaining multiple data structures is
inefficient as shared information among them may be replicated many times. For this reason, we
propose a novel versioned union-find to support multiple logical contexts within a shared structure,
and then extend it to versioned e-graphs to support congruence.

Versioned union-finds extend union-finds to encode a version tree of equivalence relations. Each
node in the tree represents a version and all the equivalences at a version also hold at its descendant
versions. For example, we may discover that a certain set of equalities holds before an if-then-else-
branch in a program. If the current version is labeled 0.1, we label the then-branch 0.1.1 and the
else-branch 0.1.2. All the equalities that hold before branching (0.1) still hold in both branches (0.1.1
and 0.1.2), but we may discover different additional equalities in both branches. Therefore, we say
that versions 0.1.1 and 0.1.2 depend on version 0.1, while versions 0.1.1 and 0.1.2 are independent. A
versioned union-find labels its edges with the versions in which the connected nodes are in the
same equivalence class. Thus, a versioned union-find is a labeled directed graph with version edges.

Listing 2 shows the versioned union-find algorithm by highlighting (in green) the changes to
the standard union-find (in black). A Node contains a domain Element and a parent field pointing
to the parent Node in the union-find. In the versioned union-find, parent is indexed by a Version.
Self-references (within a version) indicate the representatives of an equivalence class (within the
version). Version has a parent and a children field to navigate the version tree. A versioned
union-find initially contains a single version, the root version.

The find operation (Line 1) returns the representative element (within a given version). As nodes
may have different parents in different versions — due to different union operations performed in

Listing 2. Versioned Union-Find Algorithm.

fun vuf.find(x: Node, v: Version): Node = 13 fun vuf.add_node(e: Element): Node =

p = vuf.cvp(x, v) // closest valid parent 14 x = Node(e)

x' = if p != x then vuf.find(p, v) else x 15 vuf.add_edge(x, x, Version.Root)

vuf.add_edge(x', x, v) 16 X

x' 17

18 fun vuf.add_edge(p: Node, c: Node, v: Version) =

fun vuf.union(x: Node, y: Node, v: Version) = 19 c.parent[v] = p

x' = vuf.find(x, v) 20

y' = vuf.find(y, v) 21 fun vuf.cvp(x: Node, v: Version): Node =

for sv in v.children do 22 if v in x.parent

vuf.union(x, y, sv) 23 then x.parent[v]
vuf.add_edge(x', y', v) 24 else vuf.cvp(x, v.parent)
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D. After another branch and E. After a find at version 0.2.1, F. Then, path compression
union, each version encodes a the equivalence class of f(dy) is simplifies future searches

different equivalence relation. discovered to be da. in that version.

Fig. 3. Versioned Union-Find Example.

each version - finding the equivalence class of an element in a version requires following valid
version edges (Line 21), i.e., edges labeled with the version itself or its closest ancestor in the version
tree. A representative is reached when no more valid edges can be followed.

Crucially, union-finds perform the path compression optimization: Each find call updates the
queried element to point directly to the representative of its equivalence class (within a given
version), hence reducing the cost of future find operations (Line 4). In versioned union-finds, this
optimization not only shortens the path traversed by subsequent finds, but also the searches for
valid version edges in the version tree, i.e., the closest ancestor becomes the version itself.

The union operation (Line 7) makes the representative of one class a child of the representative
of the other (within a given version). To preserve the ancestor relation among versions, unions
must first be applied to all children recursively (Lines 10 and 11).

Running Example. Figure 3 shows an example of a versioned union-find based on the running
example (Listing 1). In subfigure A, we show the initial versioned union-find for the domain of
elements {dx, dy, f(dx), f(dy), da, db} where every element belongs to its own equivalence class
in the root version. In B, dx is unioned with dy in the new child version 0.1 created for the first
then-branch. In C, f(dx) is unioned with da and f(dy) with db in the other child version 0.2, due
to the bindings in the code snippet. In D, da is unioned with db in child version 0.2.1 for the
then-branch of the second if-then-else branching. In E, the equivalence class of f(dy) in version
0.2.1 is found to be da. Finally, in F, path compression shortens the paths traversed from element
f(dy) in version 0.2.1.

Cycles. Our model allows unions in a version to be visible to all descendant versions. Naively
supporting these unions, however, can cause infinite loops when finding the equivalence class of
an element in the descendant version afterward.

Our algorithm breaks such cycles by keeping track of the representative of every equivalence
class in each version separately. The traversal during find then stops as soon as a representative in
the given version is reached (even if more valid edges could still be followed). In Listing 2, keeping
track of versioned representatives is for free because union does not skip adding edges for equal
elements (Line 12). Further, full path compression (Line 4) adds a self-referencing version edge to
the representative. Note that an optimization to reduce the memory footprint of self-referencing
version edges is selectively adding them just before unions.

Figure 4 presents an example for such a cycle — loosely based on our running example (Listing 1)
but with a contrived sequence of unions and finds to expose the issue. The figure shows three
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Problem. Without versioned Solution A. Versioned representatlves Solution B. Versioned representatlves
representatives, find(db, 0.1.1) are added during propagation of unions to are added during full path compression
enters an infinite cycle at step (3). subversions (line 12), collapsing the cycle. (line 4), collapsing the cycle.

Fig. 4. Example of a Cycle and Cycle Avoidance in a Versioned Union-Find.

algorithms performing the same sequence of operations: (1) da is unioned with db in the child
version 0.1.1, (2) db is unioned with da in its parent 0.1, (3) the equivalence class of db is queried
in the child 0.1.1. In the Problem subfigure, we show an algorithm that does not track versioned
representatives and enters an infinite loop when attempting to find the equivalence class of db in
version 0.1.1. Solutions A and B show two alternative algorithms that collapse the infinite loop by
maintaining versioned representatives and correctly determine the equivalence class of db to be da
in version 0.1.1. Solution A adds versioned representatives as part of propagation to descendant
versions during unions, while Solution B does it as part of full path compression. In its simplicity,
our pseudocode in Listing 2 implements both solutions at Line 12 and Line 4 respectively.

Note that cycles can be avoided altogether by restricting the model to allow modifications only to
leaf versions, i.e., forbidding modifications to any version once it has children. The restricted model
also allows avoiding propagation of unions to descendant versions (Listing 2, Lines 10 and 11).

4 Analysis of the Versioned Union-Find

In this section, we first provide a correctness argument for versioned union-find. Second, we present
an amortized complexity analysis in line with the classical complexity results [23]. We first analyze
the best- and worst-case amortized space complexity of versioned union-finds, then the amortized
time complexity of versioned union-finds by simulating it with a classical union find.

4.1 Correctness

This subsection outlines arguments for the correctness of the versioned union-find in Listing 2.
Consider a user-defined list of versioned equalities, where each equality is a triple of two elements
and a version, denoting that the two elements are equal in the given version. We consider the
versioned union-find correct if it represents, in every version v, the smallest reflexive, symmetric,
and transitive closure over the list, restricted to the equalities at v or any ancestor of v.

Two elements a and b are equivalent at version v, if and only if find(a, v) and find(b, v) are
equal. This relation is reflexive, symmetric, and transitive by virtue of equality being so. The
smallest closure property is addressed in Claim 1 and the restriction on the list in Claim 2 and 3.

The arguments in this section rely on find performing path compression (as defined in Listing 2)
as it simplifies them. Path compression, however, is not required to guarantee the correctness of
the versioned union-find. The mechanized proofs [6] of the theorems (Section 6), particularly the
correctness theorem Theorem 6.10, do not make use of path compression.

CraIm 1 (SMALLEST CLOSURE PROPERTY). Given a, b, and x. Let a’ be find(a, v), b’ be find(b, v),
and x’ be find(x, v).If a’,b’, and x’ are all distinct, after union(a, b, v) then find(b, v) remains
equaltob’, find(a, v) becomes equal to b’ (Closure), and find(x, v) remains equal to x’ (Smallest).

PROOF SKETCH. Let x4 be cvp(x;, v) with xo being x, and let a;.1, ap and b1, by be defined similarly.
By the definition of find(x, v) it follows that x’ is the constant point of the sequence x;, i.e. the
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point at which the sequence becomes constant, by inlining p at Line 2 in Line 3. Similarly, a’ is the
constant point of the sequence a; and b’ of the sequence b;. By the distinction assumption, no two
of the three sequences share an element, otherwise they would have the same constant point.

After the union, all newly added edges labeled with v are a result of the union itself (Line 12)
and path compression (Lines 8 and 9 and Line 4). Other edges are added, but these are labeled with
descendants of v (Line 11). Since cvp, and thus find, only inspects edges labeled by v (Line 23) or
its ancestors (Line 24), only those newly added edges at v are relevant to the claim.

Closure. Thanks to path-compression, cvp(b;, v) is b’ for every i, and cvp(a;, v) isa’ for every
i except when a; is a’ where cvp(a’,v) is b’. Thus, find(a, v) and find(b, v) are both equal to b".

Smallest. Moreover, cvp at v, and thus find, remain constant for all elements not in either
sequences a; and b;. Since the sequence x; shares no element with the sequence a; and b; then
find(x, v) remains equal to x". O

To analyze how a change in one version influences another, we consider two cases: either a union
happens at an ancestor version (Claim 2), in which case its effect is observed at the descendant
version; or not (Claim 3), in which case the union happens at a descendant or independent version
and its effects must not be observed.

CramM 2 (UNION AT ANCESTORS). Let version v, be an ancestor of v,, after union(a, b, v;) then
find(a, v;) is equal to find(b, v).

Proor SKETCH. Observe that during union(a, b, v;), a call to union(a, b, v,) will eventually be
invoked during the recursive propagation (Lines 10 and 11). Let a’ be find(a, v;) as it occurs on
Line 8 during union(a, b, v;). Similarly, let b’ be find(b, v,) as it occurs on Line 9 during the
same union. Thanks to path compression (Line 4) there exists an edge e, labeled with v, from a to
a’ and similarly another edge e, from b to b’. Thanks to Line 12 there exists a third edge e; labeled
with v, froma’ to b”.

Observe that, for every descendant v of v;, exactly one call to union and two calls to find happen
at v. Moreover, if an edge is added at v then it can only be removed through path compression at v.
Therefore, after all the unions are done, both e, and e; remain.

After union(a, b, v;) is done, to prove the equality of interest we consider two cases. First, if e,
was removed, then it must be during find (b, v;) which occurred during union(a, b, v;) (Line 9).
In which case, find(a, v;) was already equal to find(b, v;) completing the proof.! Second, if
e; remained, find(a, v,) is find(cvp(a, v2),vs) by definition of find (by inlining p at Line 2 in
Line 3). The latter is find(a’,v;) since adding e, modified the parent of a at v, (Line 19) and cvp
returns the parent of a at v, (Line 23). Next, it is equal to find(cvp(a’,vs),vs) by definition of
find, which is find(b’,v,) since e; has been added. On the other hand, find(b, v;) is equal to
find(cvp(b, v2),v;) by definition of find, which is equal to find(b’, v.) since e, has been added.
By transitivity, find(a, v;) and find(b, v;) are equal. O

CramM 3 (UNION AT NON-ANCESTORS). Let version v, not be an ancestor of v,, i.e. v, is a strict ancestor
of v, or they are independent, and find(a, v.) is different from find(b, v,), after union(a, b, v;)
then find(a, v,) remains different from find(b, v.).

Proor SKETCH. Recall from the proof of Claim 1 that all edges added after union(a, b, v;) are
labeled with descendants of v;. All of these versions are either descendants of or unrelated to v,.

IThis case is impossible. If a and b were not in the same equivalence class during union(a, b, v,) then find(b, v2) could
not remove the edge. And if they were in the same equivalence class then e; would have been replaced by an identical edge.
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Crucially, none are ancestors of v,. Also recall that cvp, and thus find, only inspects ancestor
versions, implying that cvp remains constant at v,, from which the goal follows. O

4.2 Space Complexity

For the space complexity we assume a versioned union-find is constructed using unions and version
additions. We assume that these operations are done such that every union comes after the addition
of the version it unions at, and that every version addition comes after the addition of the parent
version, unless the parent version is the root one.

THEOREM 4.1. A versioned union-find constructed from m unions and v version additions consumes
between O(mlogm + (v + m)logov) and O(vm(logm + logv)) bits.

Proor. In the best case, unions never propagate to descendant versions. This happens when unions
only ever operate on leaf versions. Each of the v version additions adds one edge in the version tree
which is represented as two pointers to versions, each pointer costing log v bits. In the worst case,
all m unions introduce new elements to the union-find thus requiring log 2m bits for a pointer to an
element. Each of the m unions is guaranteed to add a single edge thanks to the ordering described
above. Each edge has two elements and one version pointer (its label) costing 2 log 2m + log v bits.
In total, O(mlog m + (v + m) log v) bits are spent. In the truly best case, unions only ever operate
on the same element, thus only adding one edge for the first union and leading to a total cost of
O(vlogu) bits, but this is a contrived scenario.

In the worst case, unions always propagate. This happens when all versions are added before
applying any unions, all of which unioning at the root version. Each of the m unions now adds v
edges thus costing v(2 log 2m + log v) bits. In total, O(vm(log m + logv)) bits are spent. O

In the worst case, the versioned union-find consumes as much memory as cloning the union-find
for each version, but in the best case it is linearly better in the number of versions.

4.3 Time Complexity

The classical theorem for the time complexity of the classical union-find is that path compression
makes find O(1) amortized — eventually, when enough calls to find have been made and when
all paths have been compressed, the parent of every node is the root. The other optimization,
union-by-rank, achieves the same amortized run time for find but earlier — the threshold after
which a find becomes constant is smaller.

We have only presented the path-compression optimization for the versioned union-find. We
will show that find is O(1) amortized even though the versioned find must first traverse the version
tree to find the closest valid parent before recursing (Line 1 of Listing 2).

We start by proving a variant on the classical time complexity theorem.

LEMMA 4.2 (CrassicaL TIME COMPLEXITY). A sequence of m unions and k finds on the classical
union-find with path-compression takes

O((k + m) max(1,log(m?/(k +m))/log(2(k + m)/m)))

Proor. In [23] the time complexity is O(m max(1,log(m?/k)/log(2k/m))) for sequences of m
unions at roots and k finds. When unions do not assume their arguments are roots and instead
compute them by calling find (Lines 8 and 9 of Listing 2), each union calls find twice. Specializing
the theorem in [23] to m unions and k + 2m finds we recover the statement of this theorem. 0O

Observe that when k > m(m — 1) distinct finds are made, the run time cost becomes O(k)
justifying the O(1) amortized time complexity of find.
Next, we state and prove the time complexity theorem for versioned union-finds.
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(1) union(a,b,p) (1) union((a,vp), (b,v0))

(2) fork(oy,vy) (2) union((a,v1), (b,v1))

(3) fork(o, . o) 3) union((a,v). (b,02)) a% = bw | || | dow

(4) union(b,c,vy) (4) union((b,v2),(c,v2))

(5) union(b,d,vp) (5) union((b,vp), (d,vp)) a,01 b,v; c,01 d, oy
(6) union((b,vy),(d,v1))

© ® finacceny

(a) Sequence. (b) Translation. (c) Versioned. (d) Simulated.

Fig. 5. Operations (a) in the versioned union-find (c) and their translation (b) in the classical union-find (d).

THEOREM 4.3 (VERSIONED TIME COMPLEXITY). A sequence of m unions, k finds, and v version additions
on the versioned union-find with path-compression takes

O((k + mo) max(1, log(m?0?/(k + mv)) /log(2(k + mv) /mv)))

Proor. The proof proceeds as follows. We propose a translation of sequences of versioned union-
find operations into sequences of classical union-find operations such that the classical union-find
simulates the versioned one. In particular, we will show that this induces an injection from the
edges of the versioned union-find to the edges of its equivalent classical union-find. This injection
demonstrates that the cost of running the sequence on the versioned union-find is upper-bounded
by the translated sequence on the classical union-find. In summary, the proof builds a simulation
and shows that the cost of running the simulation is higher.

The elements of the classical union-find in which the simulation is run are pairs of the elements
of the versioned union-find and versions. The simulation comes with the following invariant: edges
between (x1,v;) and (x2,vs) are only allowed when v; = v,. Given a sequence of m unions, k
finds, and o version additions, we translate each versioned find find,(x,v) into the classical find
find.((x,v)) (we will use the subscript v and ¢ to distinguish the operations done on the versioned
union-find and the classical one). Figures 5a and 5b provide an example of translated operations. A
priori, this translation is not correct: the closest valid parent of x at v may not be at v and find,
will have to find the parent at earlier versions. The cost of this operation can be preemptively
accounted for if all unions at versions earlier than v also exist at . This is done by translating each
version addition into a sequence of all the earlier unions but made on v (Operations (2) and (3) in
Figure 5a correspond to operations (2), (3), and (4) in Figure 5b). Observe that version addition, a
constant time operation, is translated into mo unions in the worst case. Finally, each versioned
union must propagate unions to all descendant versions (Operation (5), which is translated into (5),
(6) and (7)), and, at each version, it must perform two versioned finds and add one edge, i.e., at each
version it does (the equivalent of) one classical union. Figures 5c and 5d show the versioned and
the simulated union-finds for the given example operations. Edges that would be introduced by
path compression are dashed.

Therefore, a sequence of m versioned unions, k versioned finds, and v version additions cor-
responds to k + 2mo finds and 2mv unions. The statement of this theorem can be recovered by
specializing Lemma 4.2 with the earlier numbers. O

In the worst case, the versioned union-find with v versions costs the same as maintaining v
separate classical union-finds, meaning that its expected runtime can only be better than cloning.

4.4 Boundary Cases

Examples for the best case run time and memory are sequences of operations where only one kind
of operation is performed. We achieve the best case for run time using only find operations or
only adding versions, since such operations only traverse or add, respectively, a single edge. We
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achieve the best case for memory using only find or union operations on existing elements, since,
without multiple versions, both operations only move existing edges without adding new ones. An
example for the worst case for both run time and memory is when propagation is maximal, e.g., a
number of versions added, followed by a number of unions at the root version, causing all unions to
propagate to all versions In such degenerate cases, our versioned union-find performs like cloning
the union-find for each version and applying all operations to all clones. Thus, we conclude that
versioned union-finds match cloning in the worst case and outperform it otherwise, and that the
key to achieving the best-case complexity is to avoid propagation of unions to child versions.

5 Versioned E-Graphs

In this section, we present versioned e-graphs by building on top of versioned union-finds, and
adapting the e-graph operations to be version-aware.

A versioned e-graph is an efficient representation of tree-structured equivalence relations among
congruent functions, building on versioned union-finds (as e-graphs build on union-finds), where
finding, unioning, canonicalization, and rebuilding are parametrized over the given versions.

Listing 3 shows the versioned e-graph algorithm by highlighting (in green) the changes to the
standard e-graph (in black). The e-graph contains a versioned union-find (Line 1), which maintains
the equivalence relations among e-classes across versions, and a hash-consing map (Line 2), which
maps every ENode to its corresponding original EClass. An ENode consists of an operator and a list
of EClass arguments. An EClass is a pointer to a Node in the underlying versioned union-find.

The find operation is a simple wrapper around the versioned union-find’s find (Line 5). In
particular, we use find to define the canon operation, which canonicalizes an ENode by replacing
its arguments with their representatives in the given version (Line 27).

The classical add operation canonicalizes the ENode (Line 10), adds it to the hash-cons (Lines 11
and 12) and returns the corresponding EClass. For versioning, we need to propagate to all versions
to maintain congruence invariance: the ENode is first canonicalized at the root version (Line 8),
then propagated to all versions (Line 9), canonicalizing the ENode at each version (Line 10) and
adding it to the hash-cons (Lines 11 and 12), and finally unioned with the existing EClass (Line 13).

The classical union operation delegates to the union-find’s union (Lines 16 and 20) and rebuilds,
i.e., restores congruence invariance by unioning every ENode with its canonicalization (Lines 21
to 24). An ordering (Line 19) is enforced to ensure termination of this rebuilding process for cyclic
terms. For versioning, we also propagate the operation to all descendant versions (Lines 17 and 18).

Running Example. Figure 6 shows a versioned e-graph based on the running example (Listing 1). In
subfigure A, each e-node is in its own e-class. In B, the e-classes of dx and dy are unioned in version

Listing 3. Versioned E-Graph Algorithm.

vuf = VersionedUnionFind() 15 fun veg.union(x: EClass, y: EClass, v: Version) =
hashcons = Map<ENode, EClass>() 16 (x, y) = (veg.find(x, v), veg.find(y, v))
17 for sv in v.children do
fun veg.find(x: EClass, v: Version): EClass = 18 veg.union(x, y, sv)
vuf.find(x, v) 19 (child, parent) = if x < y then (x, y) else (y, x)
20 vuf.union(child, parent, v)
fun veg.add(n: ENode): EClass = 21 for (n, c) in hashcons do // rebuilding
n = veg.canon(n, Version.Root) 22 if child in n.args then
for v in versions do 23 c0 = veg.find(veg.add(veg.canon(n, v)), v)
nv = veg.canon(n, v) 24 if c != c0O then veg.union(c, c0, v)
if not nv in hashcons then 25
hashcons[nv] = vuf.add_node(nv) 26 fun veg.canon(n: ENode, v: Version): ENode =
veg.union(hashcons[n], hashcons[nv], v) 27 args = n.args.map(fun c => veg.find(c, v))
hashcons[n] 28 ENode(n.op, args)
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E E 0.1 E
[Te] [T [T [T [Tefor[]¢]
A. In the initial e-graph at B. After some unions, C. During rebuilding in version
the root version, every e-node congruence is broken in 0.1, e-nodes are unioned with
is in its own e-class. versions 0.1 and 0.2.1. their canonicalizations.

Fig. 6. Versioned E-Graph Example.

0.1 (then-branch of the first if-then-else), and f(dx) with f(dy) in version 0.2.1 (then-branch of the
second if-then-else), temporarily breaking congruence in both versions. In C, congruence is restored
in version 0.1, discovering f(dx) == f(dy) — it is not yet restored in version 0.2.1. Importantly, all
e-nodes are shared across versions, ensuring full-sharing of the term space.

Extensions. Many classical e-graph extensions can easily be ported to versioned e-graphs, in-
cluding deferred rebuilding, e-class analysis, e-matching, equality saturation, and extraction. The
insight is that they are designed to work on a single e-graph, and thus can be adapted to operate
on a single version of a versioned e-graph, i.e., using find and union operations at a fixed version.

We support the same deferred rebuilding introduced by egg [27], by tracking performed unions
and dependencies between e-nodes and e-classes. Differently from egg, we avoid canonicalizing
the global hash-cons at a specific version, as it would cause inconsistencies in other versions. This
memory optimization would require duplicating e-nodes across versions, which would defeat the
purpose of the global hash-cons in the first place.

We support egg’s e-class analysis to maintain additional user-defined information on e-classes. We
maintain a separate set of analyses for each e-class for each version, since the analyses may diverge
across versions. While separating analyses per versions incur memory overhead, it is necessary
for correctness. As an instance of analysis, we implemented versioned disequality edges [16, 29] to
efficiently represent disequalities among e-classes in versioned e-graphs.

We also support e-matching, equality saturation, and greedy extraction. These extensions require
a cache mapping e-classes to their e-node members at a specific version. We compute this cache
on-demand and then maintain it incrementally during adds and unions. Thanks to versioning, we
can also maintain only the cache for hot versions and drop it for cold versions, thus saving memory.

Versioned e-graphs lend themselves to extensions specific to versioning that make use of the
additional information encoded through version relations to distribute resources more effectively
across versions and to implement version-specific operations. One simple example is version
removal, where versioned e-graphs generalize over traditional push/pop approaches [3] for handling
conditionals and backtracking, e.g., in SMT solvers. We also see the opportunity to design more
efficient and expressive version-aware extensions, e.g., rewrite rules that can populate new versions
during equality saturation, or versioned proof production.

6 Formalism

In this section we develop the necessary formalism for versioned union-finds (Section 6.1) and
versioned e-graphs (Section 6.2) to prove the two main correctness theorems: (1) versioned union-
finds are the smallest reflexive, symmetric, and transitive closure of a set of equalities (Theorem 6.10)
and (2) versioned e-graphs are the smallest reflexive, symmetric, transitive, and congruent closure
(Theorem 6.19). The paper’s artifact [6] contains mechanized proofs in Lean4.
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6.1 Versioned Union-Find

In Definition 6.1 we define the version tree.

Definition 6.1 (Version Tree V). A version tree V a quadruple (V, root, parent, depth) with V being
the set of versions in the tree, root being the root of the tree, parent : V.— V mapping each node
to its unique parent (we assume parent(root) = root), and depth : V. — N mapping each node to its
depth in the tree, i.e. the length of the path from the root to the node.

We denote the children of a node v with children(v) = {v’ : parent(v’) = v}, and the ancestor
relation with v < v’ (reads “v is ancestor of v’”).
Next, in Definition 6.2 we define versioned union-find.

Definition 6.2 (Versioned Union-Find U ). The set of versioned union-finds S¢; contains all quintuples
U of the form (V, U, E, parent, depth), such that the following holds:

(1) V = (V, root, parent.,, depth,,) is a version tree,

(2) U is a finite set of elements in the versioned union-find,

(3) E € U xV xU is the set of version-labeled directed edges from elements to their parents,
(4) E > (x,0,y), for every (x,0) € U X V and at most one y € U,

(5) E 3 (x, root, y), for every x € U and exactly one y € U,

(6) parent : U XV — U is the closest valid parent (cvp in Listing 2),

(7) parent(x,v) =y, for every (x,v,y) € E,

(8) parent(x,v) = parent(x, parent,(v)), for every (x,v,y) ¢ E. Together with (7), the definition
is well-founded, by observing that the depth.,, of the version decreases, with the base case
being handled by (5),

depth : U X V — N is the depth of some element at some version in the forest of U,
depth(x,v) = 0, for every (x,v) € U X V such that x = parent(x,v),

depth(x,v) = depth(parent(x,v),v) + 1, for every (x,v) € U X V such that x # parent(x,v),
For every x,y € U and v € V, if find(x, parent,(v)) = find(y, parent.,(v)) then find(x,v) =
find(y,v), where find is as defined later in Definition 6.3. This is the expectation that the all
the equivalences at a version also hold at its descendants.

9
(10
(11
(12

~— ~— — —

The last requirement of Definition 6.2 is needed to forbid constructions such as Figure 7, where
an equality at version 0.1 does not hold in its child version 0.1.1: in the parent find(a,0.1) = e =
find(b,0.1), but in the child find(a,0.1.1) = ¢ # d = find(b,0.1.1).

0 0

0 0 0
@0.1.1 /?\ 0.1 % 0.1 /ﬁ?\ 0.1.1 @
N N4 N

Fig. 7. A versioned union-find that satisfies all the requirements of Definition 6.2 but the last one.

Now, we complete the definition by introducing find.

Definition 6.3 (find). Given a versioned union-find (V, U, E, parent, depth), find : U XV — U is
defined as find(x,v) = x if x = parent(x,v) and find(x,v) = find(parent(x,v),v) otherwise.

Its termination is guaranteed by observing that the depth of the first argument decreases with
the base case being handled by property (10) of Definition 6.2.

From find, we define the equivalence relation encoded by a versioned union-find at some version.
Here and below, the dot notation explicitly indicates the data structure an operation applies to.
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Definition 6.4 (=,). Given a versioned union-find U and a version v, the relation =,C U X U is:
x=yinU ifandonlyif U.find(x,0)=U.find(y,0)

THEOREM 6.5 (=, IS AN EQUIVALENCE RELATION). =, is a reflexive, symmetric, and transitive relation.

Proor. Reflexivity, symmetry, and transitivity follow from those of equality. O

The formalism in [6] includes a find with path compression. We omit it here since it is not
required for the correctness of the versioned union-find.

To help with the following definitions, we introduce the descendant relation x C, y (reads “x is
a descendant of y at version v”) over the elements of the versioned union-find at a given version v.

Definition 6.6 (T,). Given a versioned union-find (V, U, E, parent, depth), a version v € V, and
x,y € U, then x C, y if and only ifparent,(,d) (y) = x for some d > 0 where parent, = parent(—,v).

Next we define how to union elements at some version. We assume that the arguments of union
are roots to simplify the presentation without loss of generality.

Definition 6.7 (union). Given a versioned union-find Uy = (‘V, U, E, parent, depth), a version vy € V
with children(vy) = {vy,...,0,}, and roots a and b at vy, then union: U X U XV — Sq is:

Uy.union(a, b,vy) = (U,.V,U,.U, Uy,.E\ {(a,vo, Uy,.parent(a,vy)) } U {(a, vy, b) }, parent’, depth’)

where
ifx=aAov=u0

parent’ (x,0) = {b

U, .parent(x,v) otherwise
and
depth (x, ) = U,.depth(x,v) +1 ifx C, .a Ao =0
U,,.depth(x,v) otherwise

and
U1 = U;.union(U;.find(a, vir1), Ui find(b, vi41), Vis1) forevery0 <i<n

Unioning a and b at a version v, in the versioned union-find U, starts by recursively unioning
at every descendant version to obtain U,,. Then, we add an edge from a to b labeled with v after
removing any previous outgoing edge from a labeled with v. Finally, as a is now a child of b and is
thus no longer a root (if a # b), we shift the depth of every element in the tree of a by one.

Next, we prove that union merges the equivalence classes of its arguments at all descendant
versions.

THEOREM 6.8 (union 1s CORRECT). Let U, vy, a, and b be given as in Definition 6.7. For every x, y, and
v such thatvy <v,x =, ainU, andy =, b in U, then x =, y in U.union(a, b, vy).

Proor. Follows because union merges argument roots, preserves equalities, and is well-defined. O

Now, we are ready to state the main correctness theorem of versioned union-finds: they represent
the smallest reflexive, symmetric, and transitive closure of a set of equalities. First, we construct
a versioned union-find from the trivial one and a sequence of equalities, proving its equivalence
relation to be the reflexive, symmetric, and transitive closure of the sequence.

Definition 6.9 (Closure). Let & = ey :: ... :: e,—1 be a sequence of equalities at a version, where e; € UX
V xU.Let Uy = (V,U,{(x, root,x) : x € U}, Axv.x, Ax0v.0) and U1 = U;.union(U;.find(a;, v;),
U;.find(b;,v;), v;) with (a;,v;, b;) = e;. Then, the closure of & is the versioned union-find Ug = U,,.

Finally, we show that the versioned union-find is correct, i.e., =, in Ug is the smallest relation.
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THEOREM 6.10 (VERSIONED UNION-FIND IS CORRECT). Given a sequence of versioned equalities
E =ep ... ey_1, then=, in Ug is the smallest reflexive, symmetric, transitive closure of &.

Proor. Ug closes over & by Theorem 6.8. =, is a reflexive, symmetric, and transitive closure of &
by Theorem 6.5. To prove that it is the smallest, we will assume we are given an arbitrary relation
~, with the same properties and we will show that whenever x =, y then x ~, y. We prove
this by induction on &, the sequence of equalities. When & is empty, x =, y holds only when
x =y by definition of Uj. By the assumed reflexivity property of ~,, it follows that x ~, y. When
& =&’ :: (a,b,v"), the induction hypothesis states that ‘LI(’C) is the smallest relation that closes over
&’. By case analysis, if v £ v’ then the equivalence relation after unioning is the same as before
since union preserves unrelated versions. If it is not, then we consider the four cases whether
X =, a or not and whether y =, a or not. In all four cases a straightforward argument can be made
using the induction hypothesis, Theorem 6.8, and that union preserves equalities. O

6.2 Versioned E-Graph

We define the versioned e-graph as a versioned union-find and a hash-cons in Definition 6.11. We
assume a finite set of function symbols ¥, omitting their arity as it does not contribute to the results.
Definition 6.11 (Versioned E-Graph G). The set of versioned e-graphs Sg contains all triples G of
the form (U, N, H) with the following properties:

(1) Cis a finite set of e-classes,

(2) U = (‘V,C, E, parent, depth) is a versioned union-find as in Definition 6.2 over e-classes,

(3) N € ¥ x C* is a finite set of e-nodes, i.e., function applications over e-classes,

(4) H : N — C is a bijection from e-nodes to their original e-class (i.e., hash-cons),

(5) Congruence: In every version v, if the canonical forms of two e-nodes n and m are equal, i.e.
canon(n,v) = canon(m,v) then they must be in the same equivalence class, i.e. find(H(n),v) =
find(H(m),v) where find and canon are defined in Definitions 6.12 and 6.13 respectively.

We can immediately complete the definition by introducing find in Definition 6.12, which
retrieves the canonical e-class (i.e. root) from the underlying versioned union-find, and canon in
Definition 6.13, which canonicalizes the arguments of an e-node at some version.

Definition 6.12 (find). Given G = (U, H, N), then find : CxXV — Cis G.find = U find.
By definition, find inherits all the properties from the underlying versioned union-find.

Definition 6.13 (canon). Given a versioned e-graph G = (U, H,N), an e-node n = f(cy,...,¢4) € N,
and a version v € V, then canon : N XV — N is: G.canon(n,v) = f(find(c1,0), ..., find(cg,0)).

As before, the equivalence relation of a versioned e-graph at some version is defined using find.
Definition 6.14 (=,). Given a versioned e-graph G and a version v, the relation =,C N X N is:
n=,minG ifandonlyif G.find(H(n),v) =@G.find(H(m),v)
We can already prove that =, has most of the properties we wish to prove:

THEOREM 6.15 (=, IS A CONGRUENT EQUIVALENCE RELATION). =, is a reflexive, symmetric, transitive,
and congruent relation.

Proor. The first three are inherited from the definition of find and Theorem 6.5. Congruence
follows from the congruence invariance (5) of Definition 6.11. o

Next, we present the merge operation, which merges two e-classes at some version, thereby
extending one of the equivalence relations in the versioned e-graph.
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Definition 6.16 (merge). Given a versioned e-graph G, = (U, H, N), and two classes a,b € C to
merge at a version vy € V with children(vy) = {v1,...,0,}, then merge : C X C XV — Sg is:

Go.merge(a,b,vy) = (U',H,N)

where

Giv1 = Gi.merge(a, b, v41) forevery0 <i<n

Wo = {([al. [p])} Wirr = {([H (en)], [H (e2)]) : (x,y) €Wk, e1 €N, ez =es[x > y] €N }
velel = Gufind(c,o0) W =UWe U =W.fold (g(u AU;. Us.union (-, —, uo))

To merge two e-nodes a and b at vy, Definition 6.16 constructs a sequence of e-graphs G;+1 which
merges a and b at the i-th child of v in G;. Afterward, to guarantee congruence (Definition 6.11 (5)),
a worklist W, a set of pairs of e-classes, is computed as follows. Starting with W, containing the
e-classes of a and b, we gather in Wy, all the pairs of e-classes which would become equal after
unioning the pairs of e-classes in Wy.. Observe that for every k, Wy € C X C and therefore there
is a k € N for which UZWk = W, i.e., the computation of the worklist is done in finite time. The
hash-cons and the e-nodes of the resulting versioned e-graph are unchanged while the versioned
union-find is the one where all the unions of the worklist are applied on top of G,.

We prove that merge unions the equivalence classes of its arguments at all descendant versions.

THEOREM 6.17 (merge Is CORRECT). Let G, a, b, v be as Definition 6.16. For every x,y € N and v’ such
thatv < v, ifx =, H'(a) andy =, H™1(b) in G, then x =, y in G.merge(a, b,v).

Proor. It follows by the definition of merge in Definition 6.16 and Theorem 6.8. O

Now, we are ready to state the main correctness theorem of versioned e-graphs: they represent
the smallest reflexive, symmetric, transitive, and congruent closure of a set of equalities. First, we
define how to construct a versioned e-graph from the trivial one and a sequence of equalities.

Definition 6.18 (Closure). Let & = ¢ :: ... :: e,—1 be a sequence of equalities at a version, where
e; € N XV X N.Let Gy be the empty versioned e-graph and Gi.1 = Gi.merge(a;, b;,v;) with
(aj, v, b;) = e;. Then, the closure of & is the versioned e-graph Gg = Gn.

Finally, we show that =, is the smallest equivalence relation with congruence.

THEOREM 6.19 (G 1s CORRECT). Given a sequence of versioned equalities & = e :: ... : e,_1, then =,
in Gg is the smallest reflexive, symmetric, transitive, and congruent closure of &.

Proor. By the fact the Gg closes over & and Theorem 6.15, it follows that =, is a reflexive,
symmetric, transitive, and congruent closure. To prove that it is the smallest, we will assume we
are given an arbitrary relation ~, with the same properties and we will show that whenever x =, y
then x ~, y. We prove this fact by induction on &, the sequence of equalities.

When it is empty, x =, y holds only when x = y by definition of Gp. By the assumed reflexivity
property of ~,, it follows that x ~, y. When it is non-empty, i.e., when & = &’ :: (a,v’, b), we may
assume by the induction hypothesis that Gy, is the smallest relation that closes over &’. By case
analysis, if v £ v’ then the equivalence relation after unioning is the same as before by definition of
merge and the observation that it does not union at unrelated versions. If it is not, then we consider
the four cases whether x =, a or not, and whether y =, a or not. In all four cases a straightforward
argument can be made using the induction hypothesis, congruence in Theorem 6.15, and the fact
that merge unions argument roots and preserves equalities. O
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7 Implementation

We developed the Veg library of versioned e-graphs in Rust. Following Sections 3, 5 and 6, we
present the implementation incrementally, beginning with the versioned union-find.

Versioned Union-Find. A union-find can be represented as an array mapping elements to their
parent, such that elements are array indices and each element has exactly one parent. First, we
extend this representation to support versioning in Veg. In our implementation, a version is simply
a number, and the version tree is implemented by an array. Second, we label the edges in the
union-find by versions. A versioned union-find is encoded as an array mapping each version to
a map from elements to their parent in that version. Notably, the map is sparse because not all
elements have a parent in every version. Finally, we modify the union and find operations to target
a specific version (cf. Section 3). For these operations, it is critical that versions in the version tree
can efficiently be traversed along its parent relationship.

Versioned E-Graph. We implement traditional e-graphs similarly to the egg library [27] for a fair
comparison in our evaluation. An e-graph is built on a hash-cons and a union-find: the hash-cons
maps e-nodes to their own e-class, while the union-find maintains the equivalence relation among
e-classes. All operations performed on the e-graph are eventually delegated to the union-find.

To support versioning, we replace the underlying union-find with a versioned union-find, while
sharing a single global hash-cons across versions. Restoring congruence invariance is delegated to
the versioned union-find by canonicalizing e-nodes at a specific version and unioning them with
their canonicalized counterparts in that version.

8 Evaluation

This section evaluates versioned e-graphs in different scenarios. For comparison, we consider two
naive baselines, the state-of-the-art for versioning in e-graphs, and our approach:

Cloning A baseline based on a standard e-graph where different versions are represented by
independent copies of the entire e-graph.

Persistent An optimization of the cloning approach based on persistent data structures, namely
RBB Trees [22] for arrays and HAMT [1] for maps, from the im Rust library.

Easter Egg The state-of-the-art Easter Egg [21] implementation that extends the popular egg [27]
library to support versions.

Versioned Our versioned e-graph approach, implemented as a standalone library.

First, we perform a parameter analysis to investigate how the different approaches scale in terms
of memory and run time for different factors, e.g., number of e-nodes and number of versions, and
to provide insights into the average complexity of versioned e-graphs. Second, we implement a
small EUF (Equalities and Uninterpreted Functions) solver and evaluate it on the benchmarks for
uninterpreted functions from the standard SMT-LIB benchmark suite [19]. Third, we evaluate on
running the TheSy [20] theorem prover on its own benchmarks.

The last case study makes extensive use of expensive equality saturation runs, which dominate
the performance. As such, the advantage of versioning e-graphs is less evident in this case study
— both for Easter Egg and our approach. We show, however, that versioning does not incur a
performance overhead for implementing common extensions to e-graphs such as e-matching,
extraction or saturation, and it shows substantial performance benefits in the other case studies.

8.1 Parameter Analysis

We assess how the three variants of supporting versioning in e-graphs scale regarding memory
usage and run time for varying different parameters, focusing on the main influencing factors:
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number of e-nodes and number of versions. To isolate the impact of each factor, we use synthetically
generated equivalence relations, allowing us to control these parameters independently.

To synthesize such relations, we consider a set of operations containing e-node additions (as
many e-nodes as configured), version additions (as many versions as configured), and unions and
finds equal to the maximum between the number of e-nodes and versions. First, we perform all
e-node additions by generating random e-nodes of a fixed maximum arity (5 in our experiment,
with an average of 2.5) and adding them to the root version. Then, we iteratively sample and apply
random operations from the aforementioned set until it is exhausted. Before any operation, we
randomly select an existing version to operate on. Congruence is restored after every union.

Both parameters — number of e-nodes and versions - are varied exponentially from 2° to 2 We
run the four approaches for every parameter combination on 100 randomly generated e-graphs on
an AMD EPYC-Genoa Processor 2.4 GHz, 32 GiB memory, and 30 seconds timeout per e-graph, for
a total of 12 hours of computing time. We compare execution time and memory using gnu-time.

Figure 8 shows the execution time and memory consumption average across versions (y-axis) for
completing the benchmark with a fixed amount of e-nodes (x-axis), for all four variants (Cloning,
Persistent, Easter Egg, Versioning). Conversely, Figure 9 shows the execution time and the memory
consumption average across e-nodes (y-axis) for a fixed amount of versions (x-axis).

The memory consumption for the naive baselines grows linearly (note the logarithmic scale)
but substantially, using 1.5 to 3.5 GiB at 2!* e-nodes (Figure 8b) or versions (Figure 9b). In contrast,
versioned e-graphs and Easter Egg consume 25 to 70 MiB — negligible by comparison.

Yet, Easter Egg’s memory performance comes at a run time penalty which exceeds 6.7 to 8s
for only 2° e-nodes (Figure 8a) or versions (Figure 9a), while versioned e-graphs compute the
same benchmarks in 7 to 18 ms. Note, that the cloning approach also shows a measurable impact
on run time performance, which we attribute to excessive memory accesses. As expected, the
persistent approach overtakes cloning (at around 2!! e-nodes or versions), as its memory efficiency
compensates for the higher time complexity of its operations.

Versioning demonstrates a slightly increased run time cost for around 27 e-nodes (Figure 8a). We
correlate this behavior to the e-node generation process: as the number of e-nodes decreases, the
likelihood of generating congruent e-nodes increases, affecting the cost of rebuilding.

8.2 Case Study: EUF Solving

As the first case study, we implemented an EUF solver that checks the satisfiability of boolean
formulas with Equalities and Uninterpreted Functions. The EUF theory can be found in common
SMT solvers such as Z3 [9] and cvc5 [2], is quantifier-free, i.e., formulas have no universal or
existential quantification, a restriction that makes decision procedures tractable and efficient. The
EUF domain allows us to evaluate versioned e-graphs on the typical input to such solvers.
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Our EUF solver accepts as input a boolean formula in conjunctive normal form (CNF) and a list
of equalities as pairs of terms over a finite alphabet. Each variable in the formula represents such
an equality. This does not restrict the set of formulas the solver can handle since a boolean variable
x can be converted to the equality x = true. In the solver, if a variable is true in some model, its
corresponding equality holds, otherwise the disequality holds.

The solver first creates an e-graph with all the terms in the list of equalities. Second, it picks a
variable, and forks two versions from every leaf in the version tree: one version where the variable’s
corresponding equality holds, and another version where the disequality holds. To encode such
disequalities, our solver relies on disequality edges [16, 29], which we implemented using e-class
analysis [27]. Third, it evaluates the input CNF formula using the model, i.e., the variable assignment
induced by the forked version in the e-graph. If the CNF formula is false, the current version is
discarded to avoid exploring all its corresponding submodels. Otherwise, the version is checked for
consistency, i.e., the versioned e-graph checks if two e-nodes are simultaneously equal and unequal.
The solver discards the current version if the consistency check fails.

We further implemented the solver with Cloning, Persistent and Easter Egg. For Cloning and
Persistent, we clone the e-graph for every time a new version is forked. For Easter Egg, the approach
is similar to our versioned e-graph, except Easter Egg does not support versioned e-class analyses,
which we use to represent disequalities. Thus, we adopt the next best alternative, i.e., disequality
embedding [29], which represents every disequality edge as a special e-node in the e-graph. Crucially,
disequality embedding incurs negligible run time and memory overhead.

Benchmark Data. As input to our solver, we use benchmarks from the standard SMT-LIB bench-
mark suite [19] which focus on the core logic and the theory of uninterpreted functions (QF_UF
and UF). QF_UF is quantifier-free and can thus be translated faithfully into CNF. UF contains
universal and existential quantifiers, which we solve under the assumption that every sort is finite
and only populated by the constants declared in each benchmark. In total, we run our solver on
6 145 benchmarks (3 920 UF and 2 225 QF_UF).

Experimental Setup. We run our solver on a machine with an AMD EPYC-Genoa Processor
2.4 GHz, 16 cores, 32 GiB memory, and 60 seconds maximum time for each benchmark, for a total
of about 240 hours of computing time. We measure run time and memory required to check each
formula using gnu-time. The latter peaks at the end of solving just before the program frees the
list of all the leaves of the version tree.

Experimental Results. Figure 10a shows the cumulative execution times for all four variants
(Cloning, Persistent, EasterEgg, Versioning), i.e., the number of benchmarks completed (y-axis)
within a given time span (x-axis). Therefore, the closer the curve is to the top left corner the better
the approach performs, as more benchmarks completed with fewer resources. Figures 10b to 10d
each compare the execution time of every individual benchmark of versioned e-graphs (x-axis) to
another approach (y-axis), one per figure. A dot on the bottom-left-to-top-right dashed diagonal
signifies a benchmark that used an equal amount of resources in both compared variants. Dots
above the diagonal are the benchmarks where versioned e-graphs outperform the other variant,
with dashed guides for 1:2 and 2:1 ratios. We distinguish timeouts (TO), out-of-memory errors
(OOM), and crashes (ERR) with black, blue, and red boundaries, respectively. We also add some noise
to better visualize overlapping data points. Figure 11 shows the same for memory consumption.

The charts show that for a given time (Figure 10a) and a given amount of memory (Figure 11a),
versioned e-graphs and Persistent always manage to run more benchmarks (about 4.15K) than
Cloning (about 3.9 K) and Easter Egg (about 1.5 K).
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Figures 10b and 11b show that versioned e-graphs are substantially faster (4X on average) and
more memory-efficient (0.75X on average) than Cloning for successful benchmarks, sharing about
2K TOs and OOMs, with Cloning timing out much more frequently. Figures 10c and 11c show
that versioned e-graph perform similarly to Persistent, with slightly more TOs and OOMs, while
being slightly faster (1.2X on average) and more memory-efficient (0.8 on average) for successful
benchmarks. Figures 10d and 11d confirm the findings from the parameter analysis (Section 8.1)
that Easter Egg exhibits a substantial amount of timeouts, failing to complete most benchmarks.

8.3 Case Study: Automated Theorem Prover

For our second case study, we adapted the TheSy theorem prover [20], which was used to evaluate
Easter Egg’s approach to encode multiple equivalence relations in a single e-graph [21], i.e., the
current state of the art. For our comparison, we swapped TheSy’s e-graph implementation both
with our versioned e-graph and with the cloning-based baseline in addition to Easter Egg.

Experimental Setup. We run the same 311 benchmarks of in the original TheSy paper [20] on a
machine with an AMD EPYC-Genoa Processor 2.4 GHz, 16 cores, 32 GiB memory and 300 seconds
maximum time for each benchmark, for a total of about 140 hours of computing time. We account
for TheSy’s non-determinism by re-running each benchmark until the maximum time is exhausted.
If a single run takes longer than the limit, it is terminated by a timeout. We measure the time and
memory of each run and report for each benchmark the average across all runs.

Experimental Results. Like for the EUF case study (Section 8.2), we show the cumulative and
individual execution times (Figure 12) and memory consumption (Figure 13) for the TheSy case
study, using the same layout and notation.

Figures 12a and 13a show versioned e-graphs solving the most benchmarks within a given
time and memory limit (200 out of 311), followed closely by Cloning (191), then Persistent (161),
and finally Easter Egg (67). While versioned e-graphs and Cloning complete a similar number of
benchmarks, versioned e-graphs do so using noticeably less memory.

Regarding the individual benchmarks, Figures 12b and 13b show that versioned e-graphs have
similar run time but are more memory-efficient than Cloning (0.95X% on average) for successful
benchmarks, sharing about 100 TOs and OOMs, with slightly more TOs and OOM:s for Cloning.
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Figures 12c and 13c show that versioned e-graph are slightly faster (1.1X on average) and more
memory-efficient (0.7X on average) than Persistent on successful benchmarks. While the perfor-
mance results are in accord with the EUF case study, the number of TOs and OOM:s is significantly
higher for Persistent. We believe this is due to the difference in workload in TheSy, which heavily
relies on equality saturation, possibly reducing the effectiveness of sharing across the persistent
data structures. Finally, Figures 12d and 13d maintain the same trends as before, with the additional
observation that Easter Egg crashes on a significant number of benchmarks (178). Two of these
crashes are shared with all other variants due to the original parser of TheSy. The other crashes
result from broken invariants within Easter Egg’s implementation.

Discussion. As a fully featured theorem prover, TheSy relies extensively on equality saturation. To
make saturation efficient, all four e-graph variants maintain a cache mapping e-classes to the set of
canonicalized e-nodes they contain — similar to an inverse union-find structure. Our implementation
does not optimize this particular data structure, as the focus of this work is on the foundational
union-find and e-graph data structures. Unfortunately, the benchmarks of TheSy heavily stress
the inverse mapping structure, which limits the advantage of our approach in this specific case
study. Nevertheless, our versioned e-graph achieves performance on par with both baselines and
Easter Egg, and even outperforms Easter Egg on a substantial number of benchmarks. These results
suggest that versioning does not introduce significant performance overhead for compute-intensive
e-graph extensions such as saturation, while substantially improving performance in other case
studies. We believe further research is warranted to encode this cache more efficiently.

9 Related Work

Easter Egg. Easter Egg [21] extends e-graphs with a hierarchy of “colored” union-finds, where
colors correspond to our notion of versions. In contrast, our approach maintains a single versioned
union-find data structure. A hierarchy of union-finds requires cascading lookups on the parent
union-finds, hindering the crucial path compression optimization, impairing performance. Our
approach of using a single union-find with versioned edges allows paths to be fully compressed.
Furthermore, Easter Egg does not describe if and how cycles are handled as described in Section 3.
Additionally, it does not support versioned e-class analyses, as each e-class can only be associated
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with a single unversioned data. Finally, adding the same e-nodes to different versions in Easter Egg
generates different e-classes, violating the notion of full-sharing as described in Section 1.

Easter Egg extends the popular egg framework [27], which offers a highly efficient implemen-
tation of e-graphs geared towards program optimization. It introduces e-class analyses, which
enables straightforward semantic analyses over the e-graphs to tackle the issue that purely syntactic
approaches struggle to define sound rewrite rules.

Assume Nodes. Assume nodes [8] are an extension to e-graphs to embed conditional expressions.
This approach has been applied to encode constraints (e.g., on area, latency, power) for optimizing
hardware designs, but it can generally be used for representing different versions depending on a
condition into an e-graph. Assume nodes are special e-nodes with two parts. The first is a reference
to the e-class of a boolean expression representing the condition or assumption under which
equalities hold. The second is a reference to a sub e-graph that can never share e-nodes with the
assume node’s e-graph. To see why, consider the e-graph with four e-nodes, 0, x, abs(x), and x > 0
each in their own e-class. When the assume(x > 0, abs(x) = x) e-node is added, then the e-classes
of x and abs(x) must be unioned. If that is done in the same e-graph and then x = —1 is added, the
e-graph asserts that abs(—1) = —1, violating the intention of the user. Having the assume node
store a sub-e-graph that maintains copies of x and abs(x) helps in resolving this issue.

To maximize sharing, assume nodes are pushed down as deep as possible in their bodies, which
effectively reduces the size of the sub-e-graph each node has to maintain. This solution, however,
requires saturating the e-graph on rewrite rules that perform this pushing, which is computationally
intensive operation. Assume nodes are better suited when there is a need to reason about the
equivalence of conditions. However, it is difficult to devise a sound and complete set of rewrite
rules for applying them effectively to a specific domain, without exploding the size of the e-graph.

Applications. E-Graphs have been applied to support SMT solvers in handling theories involving
equality [16]. Their capability to efficiently representing program spaces makes them particularly
suitable for program optimization [12]. E-Graphs address two primary challenges: constructing
the program space and retrieving elements from it (Section 2.2). A key insight from Tate et al. [24]
introduced the concept of equational, monotone rewrites — known as equality saturation — as a
method for constructing the program space.

Prominent applications of e-graphs in program optimization include tensor graphs [28], vec-
torization for signal processors [25], linear algebra optimization [26], and improved accuracy for
floating-point expressions [18]. In program synthesis, e-graphs have been applied to tasks like
CAD model synthesis [15] and “library learning”, where common structures are extracted from a
collection of programs to create reusable library functions [5].

10 Conclusion

E-graphs group together program terms, enabling one to efficiently merge term classes that proven
equivalent and query for term equivalence, hence letting algorithms reason about rewrites for fast
optimization and analysis. Traditional e-graphs can represent only one set of equalities at a time,
while in many use cases equalities hold conditionally — for example under the hypothesis defined
by each case in a proof with a case-by-case structure. To handle conditional equalities, multiple
e-graphs are typically maintained, with, e.g., each e-graph corresponding to a different branch in a
proof. However, this method is highly inefficient, as equalities common to multiple branches are
redundantly duplicated across the e-graphs.

In this paper, we introduce versioned e-graphs, which encode multiple equivalence sets in the same
data structure. We prove the correctness of versioned e-graphs and show that they are generally
more efficient in both memory and time compared to existing approaches.
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Artifact Availability

The artifact is publicly available on Zenodo [6]. It includes the Rust implementation of versioned e-
graphs and a Lean4 mechanization of the definitions and proofs of versioned union-finds presented
in Section 6.1. Moreover, all the benchmarks provided in Section 8 have dedicated scripts which
can be executed to verify our reported results. The included README file provides a guide on how
to interpret the output of the benchmark results.
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