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Abstract

We present a proof extraction algorithm for versioned e-
graphs, an extension of e-graphs that supports branching
reasoning contexts and proof by cases. In the setting of alge-
braic datatypes, the algorithm handles rewrites, congruence,
injectivity, contradictions, induction, and case splits. We im-
plement it in Vegie, a lightweight automated inductive theo-
rem prover. An early case study suggests that the produced
proofs are smaller than those of a state-of-the-art e-graph
prover.
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1 Introduction

The power of automated provers comes from efficiently nav-
igating a large space of proofs, i.e., terms that are equivalent
and can be rewritten into one another. To do so, tools fol-
low one of two strategies. Either they apply all rewrites to
all terms [20], keeping track of these choices in a wide and
deep search tree. Or they develop heuristics [17] or machine-
learning techniques [4] to prune out the search space and
favour an order of rewrites over others. The first strategy is
obviously vulnerable to state explosion, while the second is
vulnerable to blind spots in the search space. Therefore, in
practice, a remedy is to mix both strategies: to implement
some heuristics while multiple branches are explored simul-
taneously.

In all cases, automated provers must be able to store and
manipulate a large amount of term equalities efficiently [13].
These equalities can be quantified, e.g., theorems and lemmas,
that can be instantiated and used arbitrarily many times [15].
Or they can be derived from the context, e.g., pattern matches
or program semantics [15]. Or they can be supplied by the
user, e.g., code assertions or invariants [3].
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Equality Saturation and E-Graphs. In this work we fo-
cus on provers that favor the first technique, dubbed equality
saturation [20], over those that develop complex heuristics.
Precisely those that apply all equalities at once and hence
“saturate their knowledge”.

There are two data structures to store such a large, of-
ten infinite, amount of equalities: the union-find [18] and
the e-graph [12]. Given a set of unquantified equalities, the
former is an efficient implementation of the smallest equiva-
lence relation that closes over these equalities. The latter is
an extension of the union-find that supports uninterpreted
function symbols and efficiently implements the smallest
congruent equivalence relation, i.e. the relation in which
f(x) = f(y) whenever x = y.

For quantified equalities, provers employ e-matching [7],
a procedure that searches an existing set of terms for as-
signments to quantified variables. These assignments are
later used to add new equalities to the e-graph. These new
equalities could themselves be reused for other quantified
equalities to discover further equalities. Thus, e-matching
happens in a loop until no new equalities are discovered, i.e.,
until the e-graph saturates.

E-Graphs Extensions. With e-graphs, e-matching, and
the saturation loop, one can support further theories. For ex-
ample, to support disequalities, the disequality relation can
be embedded into the e-graph, i.e., reified into its own unin-
terpreted function, while saturating the e-graph with respect
to the axioms of disequality supplied as quantified equali-
ties [23] To support reasoning modulo alpha-equivalence for
binders in lambda expressions or pattern matching, de Bruijn
indices/levels can be used with the special shift function to
shift indices when saturating the e-graph [11]. To support
reasoning by cases, one could contextualize statements inside
equalities by reasoning inside of a special function symbol
assume and saturating based on its axioms [6].

However saturating the e-graph on fundamental axioms
takes valuable resources which could be better spent in satu-
rating on lemmas and theorems, especially as the saturation
loop is the bottleneck of automated provers. Hence, in recent
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years, a significant effort has been extending the e-graph to
support these theories natively and hence more efficiently.
For example disequality edges extend the e-graph to support
disequalities natively [23], slotted e-graphs allow reasoning
modulo alpha-equivalence [16], and more recently versioned
e-graphs [1] allow efficient reasoning by case analysis.

Proofs from E-Graphs. To increase confidence in the
result of these provers, they often produce proofs justifying
their answer. To do so, the e-graph, which traditionally only
answers boolean queries, whether an equality holds or not,
is extended to also answer why an equality holds.

The proof produced from e-graphs is a sequence of user-
supplied equalities, sometimes nested inside congruences,
that transform the left-hand-side of a queried equality to the
right-hand-side. Thus, by justifying all equalities constitutes
a proof that can be checked in a separate independent tool.

These automated provers can also be subsystems of larger
provers. For example, the state-of-the-art Lean4 tactics grind
[21], the e-graph library egg [10, 22], and the Rocq Coquetier
tactic [5] offload some of the proof to an e-graph-based solver
by serializing the environment and then converting the e-
graph’s proof back into a Lean or Rocq proof.

For the reasons outlined above, proof production is para-
mount to provers. Alas, proof production for the described
state-of-the-art extensions is missing from the literature.

Contributions. In this paper, we describe a first adap-
tation to the proof production algorithm that supports the
extension for proof by cases. We develop a lightweight auto-
mated inductive theorem prover Vegie that implements the
extension and the proof production. We describe the imple-
mentation of Vegie, its automatically generated proofs, and
the features required by independent checkers to validate
them. In summary, our contributions are:

e A proof production algorithm for versioned e-graph
(section 3).

e Vegie, an automated inductive theorem prover based
on versioned e-graphs, that can reason by induction,
by cases, and reductio ad absurdum (section 4).

e A case study comparing the proofs generated by Vegie
to the state-of-the-art Lean grind tactic (section 5).

2 Background

E-Graphs have been introduced by Nelson in his seminal
PhD thesis as an efficient data structure to store and query a
set of equalities [12]. It can be seen as an extension of the
union-find data structure [18]. In this section we start by
describing union-finds, e-graphs, traditional proof extraction
algorithms, and the versioned e-graph extension.

2.1 E-Graphs

Union-Find. The union-find data structure [18] efficiently
stores and queries a set of equalities between constants. It

a--3xCc--+d——=e
b X —>Y

Figure 1. The union-find constructed from (1) a = ¢, (2) x =
y,(3)c=b,(4) c =e, (5 b = e (redundant), and (6) d = e.
After finding the root of a, path compression removes the
dashed edges and replaces them with the solid blue ones.
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Figure 2. The e-graph starting from the same equalities of
Figure 1, adding (7) f(b) = g(x) adds two congruence edges
(double black), then adding (8) y = z (blue) adds a further

congruence edge (double blue).

constructs a forest where all equal constants belong to the
same tree as follows. In the empty union-find, there are as
many trees as elements in the universe. To union two ele-
ments, we find the roots of the trees of both elements and
we add one as a child to the other. To decide if two elements
are equal, i.e., that they belong to the same tree, we traverse
the tree of each element upwards towards the root and check
if the roots are the same. An important optimization to im-
prove the performance of the union-find is path compression
[19]. After traversing the tree to find the root of an element,
all the nodes along the path are moved to be direct children
of the root. Figure 1 illustrates the union-find constructed
from user-supplied equalities with path compression.

E-Graph. An e-graph [12] is an extension of the union-
find that supports reasoning about uninterpreted functions
and stores equalities between function applications (includ-
ing constant functions). More precisely, it extends the equiv-
alence relation of the union-find to be a congruent relation,
i.e.,, whenever x = y is discovered then f(x) = f(y) is au-
tomatically implied for any function symbol f. This is the
congruence invariant of the e-graph.

In its simplest form, an e-graph is a union-find and a hash-
consing table, which maps each function application to a
unique identifier, called e-class. The internal union-find is
then defined over these e-classes and maintains the equiv-
alence relation of the e-graph. Function applications are
modelled as e-nodes, which are function symbols applied
to a list of e-class arguments. Thus, each e-node efficiently
represents a set of equivalent function applications, i.e., all
the function applications whose arguments belong to the
same e-classes as the e-node’s arguments.

An e-graph supports the same find and union operations as
the union-find. The difference is that equating two e-classes
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maintains the congruence invariant. The invariant is eas-
ily restored by equating all e-nodes with their respective
canonicalization, obtained by replacing each e-class argu-
ment with its respective root in the union-find. We call the
additional edges resulting from congruence the congruence
edges. Figure 2 illustrates the e-graph constructed from the
same user-supplied equalities as Figure 1 with the additional
effect of congruence.

2.2 Proofs from E-Graphs

The Proof Forest. Proof generation for the union-find
and the e-graph has been introduced by Nieuwenhuis and
Oliveras [14]. A proof that a = b, in the union-find, is a
sequence of user-supplied equalities that form a path from
a to b through intermediary elements. A proof of equality
between two elements in the union-find is almost precisely
the path connecting both elements in their tree since each
edge is the result of a user-supplied equality. What prevents
these edges from being directly used is (1) that if a = b
is supplied and either is not a root, then the edge is not
connecting a to b, and (2) path compression moves the target
of the edge to an element potentially different than the one
in the user-supplied equality.

To fix this problem, an auxiliary data structure, the proof
forest is used. Whenever a and b are equated, then a is con-
nected to b by a proof edge in the forest, unless a cycle is
created. This last criterion guarantees efficient proof genera-
tion by avoiding cycle detection.

Proof generation in e-graphs delegates to the underlying
union-find, except some subproofs may be due to congruence.
Since these are not user-supplied, they must be themselves
proven. For example, if f(x,y) = f(z, w) by congruence,
then the proofs of x = z and y = w must be produced.

The Proof Graph for Smaller Proofs. A criticism of the
algorithm constructing the proof forest is that it may ignore
some user-supplied equalities which would lead to shorter
proofs. Flatt et al. [10] describe a case where a circuit op-
timizer finished in under a minute, yet the corresponding
equivalence proof was so large that its verification required
four hours. They propose an algorithm for shorter proofs by
relaxing the acyclicity of the proof forest, allowing it to be a
proof graph. Thus, a short proof is a short path in the graph.

While this approach is straightforward for the union-find,
the challenge for e-graphs stems from congruence edges,
which expand to more proof obligations whose “cost” is not
obvious during traversal of the proof graph. As a result, Flatt
et al. [10] approximate the cost of congruence edges.

Figure 3 shows the proof graph underlying the e-graph
from Figure 2. The proof that f(e) = g(y) is the path (cy) !,
(7), (cy1). First, it follows a congruence edge for f backwards,
requiring a subproof that b = e, which is the path consisting
of the single step (5), or alternatively the path (3)7!, (4).
Second, it follows the user-supplied equality (7), i.e., f(b) =

M 3
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Figure 3. Proof graph from all equalities of Figures 1 and 2.
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Figure 4. The versioned e-graph with the equalities of Fig-
ure 1 at the root version @0 (left), and its version tree (right).
Two cases are created: (7) f(b) = g(x) at version 1; and
(8) y = z at version 2. Notably, g(x) = ¢(z) never holds,
while x = z holds at version 2 but not 1.

g(x). Lastly, a congruence edge for g is expanded to the
subproof of x = y, which is the path the single step (2). Thus,
the full proof is: congruencef((S))_l, (7) congruenceg((Z)).

2.3 Versioned E-Graphs

Traditional e-graphs encode a single global equality relation,
which limits their effectiveness in branching contexts such
as proof by case analysis. In automated theorem proving,
proofs are often organized across cases, such that each proof
branch evolves into a different set of valid equalities. These
contextual equalities are then handled by maintaining multi-
ple e-graphs, e.g., one for each branch in the proof. Recently,
versioned e-graphs [1] have been proposed as a more effi-
cient solution, which maximizes sharing between multiple
equivalence relations in a single e-graph.

The key idea of versioned e-graphs is to maintain a non-
empty version tree, where each node uniquely identifies one
equivalence relation, or version. Thus, versions are organized
in a hierarchy of increasingly refined equivalence relations,
in which the root version is the coarsest equivalence relation.

To maximize sharing, versioned e-graphs maintain a single
hash-consing table and a versioned union-find, whose edges
are annotated with the version, in which the equality holds.
The find and union operations have are adapted to versioning;:
When searching the root of an element at a version, the
operations are only allowed to follow edges at the version
or at its ancestors; when equating two elements at a version,
their equality is propagated to all descendant versions.
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3 Proof Extraction for Versioned E-Graphs
and Algebraic Datatypes
3.1 Theory

To motivate the need for case analysis, we develop the proof
production algorithm in the theory of data types. This theory
is parametrized by a set of types 7, a set of constructors k, and
an association T : 7 — P (k) that maps a set of constructors
to a type. The expressions e in this theory are constants,
applications to uninterpreted functions, and applications to
constructors. These four axioms are assumed:

1. If r; # i, then I'(77) NT(12) = 0,

2. Ife:rthene= k(?) for some k € x and ¢,

3. if k(e7) = k(e;) then e = e; for some k € k, and,
4. if ki # ko € k then ky(e7) # k2(e3) for all e; and e,.

Without the ability to reason by cases it is nigh impossible
to make use of the second axiom. And without reductio ad
absurdum “from false follows anything”, the last axiom is
also impossible to make use of. This motivates the following
syntactic definition of proofs in Definition 3.1.

A proof that e; = e, is either (1) by reflexivity when e; is
identical to ey, (2) by definition when e; is defined to be e, in
the environment, (3) by rewriting the top-level expression
with some quantified rule r specialized to some expressions
e, ie. that r(e) is e; = ey, (4) by congruence of some function
fiie. e = f(e_{) and e; = f(g) with p being the proofs of
e; = e;, (5) by sequencing two or more proofs, (6) by injectiv-
ity of some constructor k, i.e. e; and e; are the n-th argument
to some equal construction because of p, (7) by reductio ad
absurdum, i.e. because two different constructions can be
proven equal by p, and finally (8) by case analysis.

Definition 3.1 (Proof Syntax). A proof p has the shape:
pu=refl | rewritere

| congr fp | seap |

definition |
injective n (key) (kez) p

| absurd (ky€1) (k2€1) p | casesh:eg=e;=p

3.2 In the Versioned E-Graph

Insight. The main insight of versioned e-graphs is that all
edges in the union-find and in the e-graph must be labeled
by versions. This is no exception for the proof graph. We
propose that a proof is also versioned, i.e., that just as one
asks whether two expressions are equal at a version, one
would also ask why they are equal at a version.

Sketch of Algorithm. By labeling the edges of the proof
graph with versions, it can be traversed in the same fashion
as the versioned union-find. In other words, a proof that e,
is equal to e, at some version v consists of a path of edges
labeled (I,v") with o’ being an ancestor version of v.

Unfortunately, this alone is not enough, as it does not
make use of the theory’s second axiom: that the constructors
are exhaustive for a type, enabling case analysis. To exploit
this completeness in proof production, we allow traversing

paths also in the subversions where a proof is valid only if
there is a path in every subversion. Therefore, proofs in the
versioned e-graph are no longer paths, but trees instead.
Moreover, when searching for a proof, we cannot search
too deep in the version tree or the proof grows too large.
Thus, the proof search in the proof graph must avoid sub-
versions, unless strictly necessary. To achieve this, we add
an additional cost to proof edges that grows exponentially
with the difference in versions, i.e., an edge one version deep
costs w, while one version two deep costs w? and so on.

Proof Edge Labels. Proof edges for case analysis are not
realistic due to the aforementioned proof explosion. Thus,
cases, much like rfl and seq, cannot exist directly as labels
in the proof graph and are constructed by the algorithm.

More formally, the edges of the proof graph are labeled
by (v, ) where v is a version and [ as in Definition 3.2

A proof edge label denotes equality either (1) by definition,
(2) by an application of a rule, (3) by congruence, (4) by
injectivity from the equality of two constructions, or (5) by
absurdity from the equality of two constructions.

Definition 3.2 (Proof Edge Labels). A label [ is:

I =definition | vrewritere | congr

| injectivenej ey | absurde; ez

3.3 Algorithm

The proof production algorithm is in two steps. First, traver-
sal finds a path from some expression a to another expression
b in a version v in the proof graph, using a custom cost func-
tion. Then, conversion produces a proof from the path.

We can express this in the following pseudo-code:
1 def proof(a, b, v):
2 path = shortest path(proof graph, a, b, cost(v))

3 if length(path) == 0: return Proof.refl
4 return Proof.seq(path.map(convert))

The cost of an edge at version v between two expressions
a and b annotated with version ev and label is:

1 def cost(v, a, b, label, ev):

2 if ev.is ancestor of(v) or ev =v or (v .. ev).all are disj():
3 return estimate(version, a, b, label, ev)

4 else if ev.is descendant of(v):

5 for v' inv .. ev:

6 if not equal(src, trgt, v'):

7 return Inf

8 return size(proof graph) ~ distance(v, ev)

9 else:

10 return Inf

Three cases are of interest. The last, if the queried version
is unrelated to the annotated one, then the edge cannot be
traversed, thus it has infinite cost. The second, if the anno-
tated version is a descendant of the current one, then the
equality must hold at every version in between. The cost of
that edge is exponential in the distance between the versions
to avoid traversing subversions unless required. Finally, if
the annotated version is equal to or ancestor of the queried
version, then the edge should be estimated as is done in [10].
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Note that the edge is valid also when all the versions in be-
tween are disjunctions, i.e., only one case has to be proven.
Disjunctions are used for exploration, e.g., the prover may
fork its current version as a disjunction on case expressions,
and explore each case expression in its own branch.

The conversion from an edge between two expressions a
and b annotated with a version ev and a label into a proof is:
1 def convert(a, b, label, ev):

if ev.is ancestor of(v) or ev =v or (v ..
match label:
Label.definition => Proof.definition

Label.rewrite(r, args) => Proof.rewrite(r, args)

2 ev) .all are disj():
3

4

5

6 Label.injective(n, a, b) =>

7 Proof.injective(n, a, b, proof(egraph, a, b, v))

8 Label.absurd(a, b) =

9

Proof.absurd(a, b, proof(egraph, a, b, v))

10 Label.congr =

11 Proof.congr(a.func, a.args.zip(b.args).map(proof(_, , v)))
12 else:

13 return cases(v.subversions().map(v' =>

14 (v'.condition, proof(a, b, v'))))

The transformation is trivial for proofs by definition, by
rewrites, and classic by congruence, where proofs of the pair-
wise equality of the arguments are produced. For injectivity
and reductio ad absurdum, a proof for the two constructions
is generated. For case analysis, we associate each proof at
every subversion with the condition for the fork.

4 Vegie

To evaluate the proof production capabilities of e-graphs
across proof branches, we implemented Vegie, an automated
inductive theorem prover on top of versioned e-graphs [1].

Language Features. Vegie’s specification language is a
functional first-order language with immutable identifiers.
Much like the SMTLIB format [2], our language is command-
oriented and its syntax is based on S-expressions. The avail-
able commands are: (1) datatype declarations, (2) function
signature declarations, (3) function definition, (4) expression
evaluation, and (5) quantified theorem statements. All the-
orems are stated as equations of expressions. For example,
the left-distributivity of multiplication over addition is:

1 (theorem mult dist add ((?x nat) (?y nat) (?z nat))

2 (mult ?x (add ?y ?2))
3 (add (mult ?x ?y) (mult ?x ?2)))

Here, mult_dist_add is the name of the theorem; the list
((?xnat) (?ynat) (?znat)) are the quantified variables, whose
names start with the sigil 7, followed by their type; the sec-
ond line is the left-hand-side of the equation; and the third
line is the right-hand-side. Both sides must be proven equiv-
alent for the theorem to be true.

Algebraic Datatypes. Vegie does not come with any built-
in primitive types. Users are expected to define their own,
using inductive algebraic data types.

For example, booleans can be defined as (datatype bool
true false), stating that the datatype bool has two nullary

constructors true and false. The Peano natural numbers can
be defined as (datatype nat zero (succ nat)), stating that the
type nat has a nullary constructor zero and a unary construc-
tor succ accepting a nat. Arbitrary-length bit-vectors may
be defined as (datatype bitvec (bit bool) (vec bitvec bool)).

To reason about algebraic datatypes we endow Vegie with
two axioms: (1) that constructors are injective functions, i.e.,
if (vec vobe) and (vec vlbl) are known to be equal, then
vo is equal to v1 and bo is equal to b1, and (2) that values
constructed from different constructors are unequal, i.e., that
(succn) is always unequal to zero.

This last axiom is used to reason by reductio ad absurdum.
If in a specific context, we discover that (succn) and zero
are equal, then we can immediately prove the theorem.

Pattern Matching. Vegie supports pattern matching to
make use of algebraic datatypes. Below follows an example:

1 (type add (nat nat) nat)

2 (def add (?x ?y)

3 (case ?x

4 (zero ?y)

5 ((succ ?x) (succ (add ?x ?y)))))

In line 1, we declare the add function, which takes two
nat and returns a nat. In line 2, we define add, binding the
function inputs to variables ?x and ?y. Line 3 contains the
case expression examining ?x. Lines 4 and 5 are the pairs of
pattern—expression that define the case expression.

We enforce that patterns do not overlap.

Non-overlapping patterns may be cumbersome in certain
situations, however, they allow us to reason about each case
independently, without carrying around the negation of all
previous patterns. For example, consider this definition of
less-than-or-equal leq of a pair of natural numbers:

1 (datatype pair (pair nat nat))

2 (type leq (pair) bool)

3 (def leq (?p) (case ?p

4 ((pair zero ?x) true)
:

((pair ?x zero) false)
((pair (succ ?x) (succ ?y)) (leq ?x ?y))))

Without a careful treatment of case expressions it is pos-
sible to derive that true and false are equal: (leq zero zero)
reduces to true by the first pattern and to false by the sec-
ond pattern. Therefore, Vegie rejects the previous definition
on grounds that the patterns overlap. Note that a more con-
venient pattern matching construct for a surface language
could be easily compiled to non-overlapping patterns.

We explore each branch of the pattern match in a dif-
ferent e-graph version. Further, using the disequality edge
extension of e-graphs [23], Vegie easily keeps track of all the
disequalities between the case expression’s scrutinee and
the patterns of the branches explored in another version.

Recursion and Induction. As shown in the previous
examples, Vegie supports recursion. Although Vegie does
not support forward referencing, mutual recursion can be
achieved by separating function declarations and definitions.
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For example, we can define the even and odd predicates
over Peano numbers mutually as follows:

(type even (nat) bool)
(type odd (nat) bool)

1

2

3

4 (def even (?x) (case ?x

5 (zero true)

6 ((succ ?x) (not (odd ?x)))))
7

8

9

(def odd (?x) (case ?x
(zero false)
10 ((succ ?x) (not (even ?x)))))

Later, we can state theorems such as:

1 (theorem even plus 2 ((?x nat))
2 (even (succ (succ ?x)))
3 (even ?7x))

Recursion unlocks proof by induction. For example, con-
sider the theorem that add is commutative:

1 (theorem add comm ((?x nat) (?y nat)) (add ?x ?y) (add ?y ?x))

The proof in Vegie unfolds add and performs case analysis
on ?x. In the branch where ?x is (succ ?y), we can apply add
_comn — effectively the induction hypothesis — as a theorem
to the recursive call since ?y is structurally smaller than ?x.

The current implementation of Vegie checks that struc-
tural lexicographic ordering of arguments is decreasing be-
fore applying the inductive hypothesis, which ensures the
application of the inductive hypothesis is sound. Without it,
one could derive an unsoundness, that true is equal to false
using the definition: (def weird () (not weird)). To guarantee
soundness, we further need to ensure that all functions termi-
nate, for which we also check that the lexicographic ordering
of arguments structurally decreases for every recursive call.

The Proof-Search Loop. Vegie’s main search loop con-
tains three components. (1) First, it applies the following
rules in a loop: (a) the non-overlapping axiom of construc-
tors, (b) the injectivity of constructors, and (c) the inductive
hypothesis and previously proven theorems. These rules
are applied for a few iterations before carrying through the
main proof search loop. (2) Then, Vegie finds an appropriate
case expression to do case analysis on. (3) Finally, it finds
appropriate definitions to expand.

5 Case Study

To get an impression of the quality of the proofs produced by
Vegie, we compare the generated proof of the commutativity
of Peano number addition to the one generated by the state-
of-the-art grind tactic in Lean4.

After defining the Peano numbers and add as usual, we
supply four (proven) lemmas to Vegie and grind: zero is a
left and right unit of add and if one of the arguments of add
is succ x, then succ can be applied outside.

Since grind cannot do induction automatically, it fails to
find a proof. After manually introducing the induction hy-
pothesis, grind produced a proof by contradiction which

requires classical reasoning. This is expected as grind’s in-
ternals are SMT-like. The total size of the proofis 1.1 KB for
the base case and 1.6 KB for the inductive case.

The proof generated by Vegie is 395 B and is the following:

1 (cases

2 (_h® (?y zero)

3 (seq

4 (congr add refl (apply ho))

5 (apply add zero_right ?x)

6 (apply <- add zero left ?x)

7 (congr add (apply <- h0) refl)))
8 (_h1l (?y (succ ?2))

9 (seq

10 (congr add refl (apply hl))

11 (apply add succ_right ?x ?z)

12 (congr succ (apply add comm ?x ?z))
13 (apply <- add succ left ?z ?x)

14 (congr add (apply <- _hl) refl))))

It performs case analysis on one of the quantified variables
using the cases tactic which has two branches: one that
binds _he to the equality ?y = zero and one that binds _h1 to
?y = (succ ?7z). Each case applies a sequence of congruences
(left-to-right and right-to-left). Most importantly, it’s clear
that the proof is by induction since on line 12 the add_comm,
the very theorem we’re trying to prove, is used.

6 Related Work

E-graphs originate from the congruence-closure algorithm
by Nelson [12], which maintains equivalence classes of terms
under congruence efficiently.

Equality saturation was later introduced as a compiler op-
timization technique [20], which represents many equivalent
program expressions simultaneously and applies rewrites
until saturation. The egg library improves the scalability of
equality saturation with rebuilding and efficient rule sched-
uling [22]. The egg framework also introduced e-class analy-
ses which associate abstract information with equivalence
classes and maintain it incrementally as the e-graph evolves
[22], enabling optimizations such as constant propagation.

E-matching provides efficient rewrites based on pattern
matching modulo equivalence. E-matching techniques were
developed in the context of SMT solvers, where they are used
to instantiate quantified formulas over congruence structures
[7, 9]. These techniques are implemented in systems such as
Z3 [8] and have been adapted for efficient rewrite matching
in equality saturation engines such as egg [22].

Many e-graph implementations represent equivalence re-
lations but do not directly encode disequality constraints.
Instead, disequalities are typically handled externally or en-
coded indirectly using auxiliary terms or solver-side con-
straints. Recent work [23] proposes dis/equality graphs, an
extension of e-graphs that represents disequality relations
explicitly alongside equality edges.

To increase confidence in e-graph-based reasoning, re-
searchers have explored proof generation objects from rea-
soning based on congruence closure. Early work introduced



Proof Primitives for Equality Saturation-based Automated Provers

proof-producing congruence closure, extending union—find-
based algorithms with an explain operation that reconstructs
a derivation showing why two terms are equal [14]. More re-
cent work explores producing compact certificates for equal-
ity reasoning [10] for generating small congruence-closure
proofs with greedy methods.

7 Conclusion & Future Work

We have presented a proof extraction algorithm for ver-
sioned e-graphs in the setting of algebraic datatypes. Our
approach extends traditional e-graph proof production with
proof primitives for injectivity, contradictions between con-
structors, induction, and case analysis, allowing proofs to
be extracted from branching reasoning contexts rather than
only from a single global equivalence relation. We imple-
mented these ideas in Vegie, an automated inductive theo-
rem prover based on versioned e-graphs, and used it to study
the shape and size of the resulting proof objects, including
an initial comparison with Lean’s grind tactic.

In the future we wish to support disequality edges and
slotted e-graphs in the proof extraction as well as have Vegie
produce proofs for LiquidHaskell, Lean4, and Rocq.
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